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Singular Trajectories in Airplane Cruise-Dash Optimization

Karl D. Bilimoria* and Eugene M. CIliff}
Virginia Polytechnic Institute and State University, Blacksburg, Virginia

The problem of determining optimal cruise-dash trajectories is examined for the case of time-fuel optimization
using a linear combination of time and fuel as the performance index. These trajectories consist of a transient arc
followed by a steady-state arc. For cases where the steady-state arc is flown at full throttle the associated skeletal
transient trajectories are also flown at full throttle, and approach the cruise-dash points monotonically in an asymp-
totic fashion. When the steady-state arc is flown at an intermediate throttle setting, the transient trajectories follow
a singular control law and exhibit a complex structure that is different from the full-throttle transients. Singular
transients in the vicinity of singular cruise-dash points are confined to a bounded “singular surface.” In state-space
these trajectories trace out asymptotic spirals on the singular surface as they approach the steady-étate arc. Address-
ing the question of optimality of the steady-state arc, it was found that although steady-state cruise fails a Jacobi-type
condition, steady-state cruise-dash can satisfy this condition if the emphasis on time is sufficiently large. The outcome
of the Jacobi-type test appears to be connected with the eigenstructure of the linearized state-adjoint system.

I. Introduction

HE problem of determining optimal flight trajectories for

aircraft has been investigated by many researchers for a
variety of performance indices. Time-optimal flight for a climb-
dash mission has been investigated for the case of symmetric
flight and is presented in Ref. 1. A nontrivial extension of this
problem to a turn-climb-dash mission involving three-dimen-
sional flight is reported in Ref. 2.

In contrast, fuel-optimal flight minimizes the fuel consumed
while generally covering a specified range, and may require
operation at an intermediate throttle setting. The optimality of
steady-state cruise (operation at a fixed altitude and velocity
pair) has been the subject of some debate.> Speyer® used the
point-mass dynamic model and showed that for certain aero-
propulsive models, steady-state cruise fails to satisfy a Jacobi-
type condition obtained by a transformation to the frequency
domain, and is therefore nonoptimal.

Between the two extremes of time-optimal and fuel -optimal
flight (with range specified) is a spectrum of time-fuel-optimal
flight conditions that may be regarded as members of a cruise-
dash family. Such a situation arises when a linear combination
of time and fuel is used as a performance index and can be
regarded as an exercise in time-fuel tradeoff. Because of the
time-scale separation found in aircraft dynamics,*> the re-
duced-order cruise-dash model can be used to obtain the
steady-state solution, and the full point-mass model can then
be analyzed to obtain the transient solution. A first cut at the
cruise-dash optimization problem was made® by considering
the cruise-dash model that gives the steady-state or outer solu-
tion. In view of Speyer’s findings® regarding the nonoptimality
of steady-state cruise, this point is addressed in a later section
where Speyer’s analysis is retraced for steady-state operation at
a cruise-dash point. This study focuses on transient trajectories
that lead to steady-state operating points.
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II. Problem Formulation

Aircraft Equations of Motion in the Point-Mass Model

The equations of motion in the point-mass model may be
written as

h =V siny (1)

7 =(g/V)(n — cosy) 2
V=(@/W)NTmau(h,V) — Db, V) —n*D(hV)] — g siny (3)
X =V cosy 4)

W =1Qmax(h.V) ©)

These equations are for symmetric flight in still air over a flat,
nonrotating Earth. In these equations 4 is the altitude, V is the
velocity (true airspeed), y is the flight-path angle, x is the down-
range, Wris the weight of fuel consumed, g is the gravitational
acceleration at sea level, and # is the load factor and is equal to
the lift divided by the aircraft weight W. The maximum values
of thrust and fuel flow rate are T, and Q,.., respectively.
Both are represented as functions of altitude and velocity and
are scaled by the throttle parameter 5. This model embodies the
assumptions of constant aircraft weight and thrust along the
flight path (small angle of attack).

Optimal Control Problem

The problem under consideration is the determination of an
atmospheric flight path that satisfies given initial and final con-
ditions while minimizing a linear combination of time elapsed
and fuel consumed. It is assumed that the range is sufficiently
large to allow the decomposition of the trajectory into an initial
transient, a steady state, and a terminal transient. In optimal
control terms, this problem may be stated as: determine the
controls n (load factor) and # (throttle setting) to transfer the
dynamical system given by Eqs. (1-5) from a given set of initial
states (%,,7,,] o,xo,Wp) to a given set of final states (A;,7ys
V;,x;), while minimizing a Mayer-type cost function

@ =14 uWt)

The parameter p is specified as various values effecting a
tradeoff between time and fuel. By varymg the parameter L a
family of cruise-dash trajectories is obtained with varying
amounts of emphasis on time and fuel.®
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The variational Hamiltonian’8 is formed by adjoining the
right-hand sides of the system state differential Egs. (1-5) with
the costate variables (or Lagrange multipliers) A, A, A A M,

H =2,V siny + A,(g/V)n — cosy) + 4,{(g/W)

X (nTmax - Do - nzDi) —£ Sil’l))] + AxV cosy + )'wrlQmax
(6)

The costate differential equations are
’{h = _lu@/V)nTmax;, - ;LwrlQmax;. (7)
Ay = —A,V cosy — 4,(g/V) siny + 4,g cosy + 4, siny  (8)

Ay = — Ay siny + 2,(g/V?)(n — cosy)

- }'v(g/W)(” Tmax,, - Dov - thi,,) - 'q'x cosy — Aanmaxv

9
1.=0 (10)
i, =0 (11)

Equations (1-5) and (7-11) areé the state-Euler equations. The
problem of solving these equations with the appropriate
boundary conditions is a two-point boundary-value problem
(TPBVP). Generally, at the initial point, all five states are spe-
cified and the costates are free; whereas, at the final time, the
fuel weight is free and the remaining four states are specified.
Thus, at the final time all costates are free except for 4,,, which
is specified to be equal to p by the transversality condition.” At
the final time, the transversality condition also requires that
H=-1.

Using the Minimum Principle,”® the control vector # may be
determined from

u = arg[min H(u)] (12a)

A necessary condition for unconstrained components of # that
satisfy the Minimum Principle is

H_, (12b)
du

Substituting Eq. (6) in Eq. (12b) with the components of # as
n and 7 yields

0H g g ‘

P —ivV—Av2nWDi—0 (13)
0H g

an v W max + meax h . ( )

Equation (13) can be solved to obtain the control » as

Al W

However, Eq. (14) does not yield the control n because it ap-
pears linearly in the expression for the Hamiltonian (6). In
order to determine the control , the switching function S is
defined as '

S = A&/ W) Tpax + 40 Qraax (16)

The control # must be chosen so as to minimize the Hamil-
tonian (6). Noting that 5 is bounded, the throttle control law

AIRPLANE CRUISE-DASH OPTIMIZATION 305

derived from the Minimum Principle (12a) miay be stated as
If $>0, theny =0 (17a)
If $ <0, thenn =1 (17b)

If S =0 over a finite time interval,
then n= rlsingular (170)

where 0 < 7u0ua < 1.

Determination of Singular Control

The problem of determining a singular arc arises when appli-
cation of the Minimum Principle in the form (12b) yields no
information about the control, and the switching function is
identically zeto over a nonzero time interval. In such a case, the
switching function S may be differentiated with respect to time
until the singular control appears with a coefficient that is not
identically zero.>!° If (2k) time derivatives are required, then
the order of the singular arc is (k). The singular control may
then be obtained by solving the equation

d%*s

dr2x =0

Along a singular arc one has
S= A‘v(g/W)Tmax + 'lw_Qmax =0 (18)

The thrust-specific fuel consumption (TSFC) is defined as the
ratio

Ch,V) = [Qumax(t, V) [ Tnax(h, V)] (19)
so that Eq. (18) may be written as
S = TnadA(&/W) + 4,1 =0 (20)

The time derivative of the switching function is

8 = Toaxl A8/ W) + 1,1 + Tl A8/ W) + 4,C1 (21)
After some algebraic manipulation
(W8T man)S = (1/V) + 2,(28/V)(n — cosy)
+ 4GV ]g) = C, + (C/MW siny +[(C/V) — C]
x (D, +n*D) — C(D,, +n°D,)} (22)

It is convenient to define a function G(h,y,V,4,,4,) as the right-
hand side of Eq. (22). Note that the function G involves the
load factor n, which can be expressed by a known function of
the states and costates. From Egs. (15) and (20)

n=—(4,/A)g/2DLCV) (23)

Thus, along a singular arc, the load factor n is a function of
h,V, ,,and 1. We evaluate the derivatives n; and n, (for later
use) as follows:

m, = —nl(D,C + DCH/DC] - (24)
n, = —n{(D, VC + D,C + D;VC,)/D,VC] (25)

From Eq. (22)
S = (g/W)TaxG(h7,V Ays,) (26)
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Therefore,
8 = (/W) TuaxG + (/W) TG ey
Using S =0 [Eq. (26)], we have
8 = (/W) TaeC o (28

Hence, . . . .
(W8T a)$ = (hG,, + G, + VG, + 1,G,) (29)

where
G, = 4,1Q2g/Vim) + A, {[Con(V/g) — Cop + (Ch/ VOIW siny
— CyD,, +1n°D,) + (D, +n°D,, + 2nn,D)[(C|V) — C]
+(D,+n*D)[(C,/V)—C,] — C(D +2nn,D,)}
(30)

2
Ovh +n Divh

G, = —(1/V?) + 4,[(2g/V)n, — (4g/V°)(n — cosy)]
+ A {[C,(V8) +(Ch/g) — Coo +(C,[V) —(C[V W siny
—CD,,, +n°D, +2nn,D,) +C/V)—C,]
x (D,, +n*D; +2nn,D) +[(C,/V) —(C/V? —C,]
x (D, +n*D) — C(D,, +n,D;)} 3N

G, = L,1(2g/V?) siny] + 2,{[C(V/g) — C, + (C/V)IW cosy}

(32)

G,, = (28/V*}(2n —cosy)

+ (ng/DCVY{CD,, +D][C,—(C[V)]}
(33)

The switching function S has now been differentiated twice
with respect to time and it can be seen from Eq. (29) that the
singular control appears in the expression for S through the V'
term. Thus, the singular arc is of first order, unless the co-
efficient of 5 (which is 7,,,.G,) is identically zero.

Setting § =0

N =(D, +n?D)|T oy + [W siny/T,,,, + NUM/DEN] (34)
where
NUM =G,k + G,j + G, A, (35)

DEN = _(g/W)Tmava (36)

At equilibrium, the time derivatives of all states (except x
and W) and costates are zero. Thus, it is clear that NUM in
Eq. (35) will be equal to zero at equilibrium. The flight-path
angle y is also zero-at equilibrium. As a result, the quantity in
square brackets in Eq. (34) vanishes at equilibrium, and the
steady-state control law is simply

" =(Do +n2Di)/Tmax (37)

evaluated at the cruise-dash point £*,V*. This is equivalent to
stating that the thrust must equal drag, which is precisely what
level-flight equilibrium requires. Thus, it can be seen that the
singular control is made up of two distinct parts, one of which
vanishes as the system approaches equilibrium.

M. Necessary Conditions

Generalized Legendre-Clebsch Condition

Since the throttle control appears linearly in the Hamiltonian
(6), the Classical Legendre-Clebsch condition’-# is satisfied only
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in the weak form (i.e., as an equality). For such cases, the
Generalized Legendre-Clebsch condition must be satisfied
along a candidate extremal. The mathematical treatment for
extending the Classical Legendre-Clebsch condition to cases
where one or more of the controls is singular is given in Refs.
11 and 12. It is required that the matrix [R] given below be
positive-semidefinite.

R, R
[Rl(mxm){R; Rf]zo (38)

For the problem under consideration m =2, and the sub-
matrices R, R,, and R, are scalars. Positive semidefiniteness of
the matrix [R] requires that all of the following three conditions
hold:"? ’

82H
Ri=—320 (39a)
o [ d (oH
Rs=—3, [&? (E)] >0 (39b)
(RR;— R2) 20 (39¢)

where
o|d/oH
R =—| 22
2 6nl:dt<6n>:|

The first condition (39a) is the Classical Legendre-Clebsch
Condition applied to the nonsingular (quadratic) control n, the
second condition (39b) is the Kelley Condition applied to the
singular (linear) control #, and the third condition (39c¢) is the
Goh Condition that involves both singular and nonsingular
controls.

Erdmann Corner Condition

The state and costate variables in the state-Euler equations
are continuous and have continuous first time-derivatives for
cases where the control variables are continuous. However, if
any control variable jumps (is discontinuous), then the first
time-derivatives of the states will, in general, be discontinuous.
If this is the case we have a broken extremal'* or a corner. At
a corner (or junction of two extremals) the Erdmann Corner
Condition'*!> must be satisfied. This condition requires that all
the costate variables be continuous at a corner.

McDanell-Powers Junction Condition

The joining of singular and nonsingular arcs generally in-
volves a jump in the singular control variables and, hence, the
junction is a corner. Therefore, the Erdmann Corner Condition
applies at the junction of singular and nonsingular arcs. Addi-
tionally, the McDanell-Powers Junction Condition'¢ applies: if
r is the lowest-order derivative of the (singular) control that is
discontinuous at the junction, and if ¢ is the order of the singu-
lar arc, then (¢ + r) must be an odd integer. '

For a first-order singular arc (g = 1), this condition may be
interpreted as follows: '

1) If the singular control is unsaturated at a junction, then
it can jump to either the upper or lower bound (r = 0).

2) If the singular control saturates at a junction with a
nonzero time derivative, it must jump to the opposite bound
(r=0).

3) If the singular control saturates at a junction with a zero
time derivative, it can either jump to the opposite bound (r = 0)
or stay at the same bound (r = 2).

IV. Numerical Results and Discussion
Application of the Minimum Principle to the flight-path op-
timization problem at hand results in a nonlinear TPBVP
where some of the boundary conditions are known at one
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boundary and the rest at the other boundary. A multiple shoot-
ing package was used along with data for a high-performance
interceptor aircraft in a computational study of cruise-dash
trajectories.

_ General Structure of Cruise-Dash Trajectories

As discussed in Sec. II, an optimal trajectory for the cruise-
dash problem is a composite consisting of a transient part and
a steady-state part. Steady-state cruise-dash has been studied in
an earlier work,® and optimal steady-state operating points
have been computed over the entire spectrum of interest from
the dash point through the cruise point to the endurance point.
These are shown in Fig. 1 along with the military and after-
burning flight envelopes. ‘

In general, the initial operating conditions will not coincide
with the appropriate steady-state conditions, and the aircraft
must fly a transient trajectory that leads to the cruise-dash
operating point. Along this part of the trajectory the altitude,
velocity, and path angle as well as the controls # and # will in
general be time-varying.

Full-Throttle Cruise-Dash Trajectories

For cruise-dash trajectories associated with small values of u
(i.e., light emphasis on fuel), it can be seen from Fig. 1 that the
associated cruise-dash points lie on the flight envelope and
correspond to full-throttle operation. It is reasonable to conjec-
ture that the transients leading to these points will also be run
at full throttle.

Full-throttle trajectories were computed for all values of p
that yield steady-state operating points where n = f],,,,. It was
found that for all computed trajectories the switching function
remained negative for all times, confirming that the computed
full-throttle trajectories satisfy the Minimum Principle. These
trajectories correspond to a certain range of low values of the
time-fuel tradeoff parameter u (0.0 s/Ib to 0.1328 s/lb) indicat-
ing a heavy emphasis on time. Each of these transient trajecto-
ries leads to a steady-state operating point that lies on the
afterburning flight envelope. Figure 2 shows several full-throt-
tle cruise-dash trajectories for values of u ranging from 0.0 s/lb
to 0.1328 s/lb in the (A,V) plane along with a portion of the
afterburning flight envelope.

Partial-Throttle Cruise-Dash Trajectories

It can be seen from Fig. 1 that beyond a certain value of u
the steady-state operating points li¢ inside the flight envelope,
indicating that the throttle control is not at its bound along the
steady-state cruise-dash arc. The steady-state cruise-dash arc

75000
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. 45000 |
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L.
; ~— i = -1.48 sec/lb
=
E 30000 { Military Thrust Envelope
=
T
15000 4 Afterburning Thrust Envelope
0

T UL B A B LN AR A 1
0 500 1000 1500 2000 2500
VELOCITY (FPS)

Fig. 1 Cruise-dash points in (#,V) plane.
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is, in fact, a singular arc featuring a singular throttle control
lying between its bounds. Correspondingly, the switching func-
tion and its time derivative are zero along this arc. It is conjec-
tured that if the steady-state cruise-dash arc involves a singular
control, then the transient arc leading to the steady state also
exhibits the same feature, at least in the vicinity of the cruise-
dash arc.

Singular Surface

The transient dynamics of the (sixth-order) system defined
by the state-Euler equations involve the three “nonignorable”
states 4, 1, and y and their associated costates 4,, 4,, and 4,.

It was determined from an eigenvalue analysis that two
modes of the linearized system (corresponding to purely real
eigenvalues) violate the conditions S =0 and S = 0, which all
singular arcs must satisfy. Therefore, all singular arcs in the
linearized system must be confined to a four-dimensional linear
subspace where the two “nonsingular” modes are inactive. For
the linearized system this is a four-dimensional plane, corre-
sponding to a four-dimensional singular manifold in the actual
nonlinear system. Out of the four modes, only two will be
stable due to the structure of the associated eigenvalues. Hence,
all singular trajectories that lead to the equilibrium point in the

60000 {

50000 4

40000 -

30000 -

ALTITUDE (FEET)

20000

10000 |

0 1 T n T T
500 1000

~r

T
1500 2000 2500
VELOCITY (FPS)

Fig. 2 Full-throttle cruise-dash trajectories.
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Fig. 3 Altitude time history for singular trajectory.
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linearized system must lie in a two-dimensional linear subspace
(ie., on a plane). Thus, in the actual nonlinear system the
singular manifold may be regarded as a singular surface in
(h,V,y) space.

Singular Trajectories to the Equilibrium Point

A singular trajectory was computed by making a small per-
turbation about the equilibrium point and then integrating the
state-Euler equations backwards in time. The perturbation in
the states and costates was proportional to the eigenvectors

" that correspond to the complex eigenvalues of the linearized
system. Four such combinations were used to create a pertur-
bation, and the corresponding singular trajectories were gener-
ated by backward integration of the state-Euler equations that
define the actual nonlinear system with u =320 s/lb (heavy
emphasis on fuel). The integration was performed with moni-
toring of the value of the singular control and the values of the
switching function and its time derivative, and was stopped
when the control saturated at its upper bound. The switching
function and its time derivative remained zero all along the
trajectory. The altitude and control throttle histories of one
such trajectory are shown in Figs. 3 and 4. It was found that all
three (nonignorable) states undergo damped oscillations that
die out as the equilibrium point is approached, as predicted by
the linearized model. Figure 5 shows all four trajectories in
(h,V.,y) space. These trajectories approach the equilibrium
point along asymptotic spirals, which define the singular sur-
face in (h,V,y) space.

Composite Bang-Singular Trajectories

If the initial operating point happens to lic on the singular
surface, then the transient trajectory is purely singular and
describes an asymptotic spiral in (4,V,y) space fairing into the
equilibrium point. However, if the initial states do not corre-
spond to a point the lies on the singular surface, the transient
trajectory would have a more complex structure. In general, it
would consist of two segments: an initial nonsingular arc run at
either full throttle or zero throttle (or possibly a combination
thereof) until the singular surface is reached, followed by a
purely singular arc that takes the system to the equilibrium
point. Thus, the singular surface may be regarded as a “‘switch-
ing surface” in state-space. The joining of a singular and a
nonsingular arc is subject to the McDanell-Powers Junction
Condition discussed in Sec. IT1. According to these conditions,
if the singular control is unsaturated at a junction, then it can
jump to either its upper or lower bound. Two such trajectories
were computed, and their throttle control histories are shown
in Figs. 6 and 7.

0.9 4

©
@

THROTTLE

0.7 4

0.6 4
LA E S LR S T T
0 100 200 300 400
TIME (SEC)

Fig. 4 Throttle time history for singular trajectory.
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Necessary Conditions

All the trajectories computed and discussed in this section
were found to satisfy all the necessary conditions outlined
in Sec. III. The singular trajectories satisfy the Generalized
Legendre-Clebsch Condition along their entire length, as do
the singular segments of composite bang-singular trajectories.
The junctions of the composite bang-singular trajectories are in
accordance with the McDanell-Powers Junction Condition,
and the Erdmann Corner Condition is also satisfied (the
costates are continuous). No Jacobi-type condition was
checked along the transient singular arc.

V. Jacobi-type Condition

In the foregoing discussion, it has been stated that the struc-
ture of candidate extremals is a transient arc followed by a

h (/)

50500

49500

48500 4

1.69

¥ (deg)

gsu 8zl 7Y

Fig. 5 Singular surface and trajectories in (y,k,V) space.
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074 e
0 50 100 150
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Fig. 6 Bang-singular throttle control (case 1).
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Fig. 7 Bang-singular throttle control (case 2).

steady-state cruise-dash arc. For a performance index involv-
ing fuel alone, Speyer? cast doubt on the optimality of a steady-
state cruise arc by showing that for certain aeropropulsive
models a Jacobi-type condition is not satisfied. The Jacobi
condition in the calculus of variations!*!5 is not applicable
when some or all components of the controls are singular. In
such cases, the accessory minimum problem (AMP) is formu-
lated and the Goh transform is applied. The transformed AMP
is nonsingular and the classical Jacobi condition may now be
applied in one of several forms.!” The approach taken by
Speyer is to use Parseval’s transformation and then apply the
Jacobi test in the frequency domain. For a specialized drag
model, Eq. (62) of Ref. 3 states this Jacobi-type condition as
follows:

V(@) = Hyy, — {o/m*V2D,(*— ) IoXW?V?) + VD2,
‘ (40)

must be nonnegative for all values of w. Although H,, is pos-
itive, it is seen that ¥{w) can be made negative for values of @
near \/ﬁ—g Note that the cost function to be minimized in this
problem is fuel alone. Retracing Speyer’s analysis for the exact
model, with a linear combination of time and fuel as the perfor-
mance index, one gets

Y(@) = Hy,, — {o/lm*V?D, (0> — Bg)*1}
x [0*(W?/V?) + VD3, — 0> (vVD,,[0)] (41)

where v is a time-fuel tradeoff parameter that can be expressed
as a function of u. It can be shown that Y(w) will be nonnega-
tive for all values of w if

vz —D"— [(VD2,/Bg) + (W2 V) (42)

v

For the case of v =0 (u — o0), there is no emphasis on time,
and Speyer’s result is recovered. However, if there is a suffi-
ciently heavy emphasis on time and v is large enough (u is small
enough) then Eq. (42) will be satisfied. As a consequence,
Speyer’s Jacobi-type condition will be satisfied for steady-state
cruise-dash arcs corresponding to a sufficiently heavy emphasis
on time. Thus, for the model studied by Speyer, it has been
shown that although steady-state cruise fails a Jacobi-type test
and is nonminimizing, some types of steady-state cruise-dash
pass this test and can be minimizing.

AIRPLANE CRUISE-DASH OPTIMIZATION 309

For the case of steady-state cruise-dash, a Jacobi-type test
may be applied'’ by examining solutions of the algebraic ma-
trix Ricatti equation.'® The Jacobi-type condition is satisfied if
the solution matrix to the algebraic matrix Ricatti equation is
finite, real, and positive semidefinite. Using the aeropropulsive
data for the example aircraft, this matrix was evaluated numer-
ically for several steady-state cruise-dash conditions corre-
sponding to various values of u. It was found that for large
values of u (conditions approximating cruise), the Jacobi-type
condition was not satisfied since the solution matrix to the
algebraic matrix Ricatti equation had complex entries. If a
substantial emphasis was placed on time (moderate values of
) then the Jacobi-type condition was satisfied. An interesting
feature that emerged from this study was that the Jacobi-type
condition was satisfied when the eigenvalues of the linearized
system had no purely imaginary values, and failed the test
when this structure collapsed.

V1. Conclusions

It has been established computationally that skeletal cruise-
dash trajectories associated with a light emphasis on fuel (and
heavy emphasis on time) are run at full throttle. The steady-
state operating points lie on the flight envelope, and the skeletal
transients leading to those optimal operating points are flown
with the throttle at its maximum limit. These transients ap-
proach the steady-state cruise-dash points in an asymptotic
fashion. Moreover, the state histories in the vicinity of the
equilibrium points are monotonic with no oscillations.

Cruise-dash trajectories corresponding to a heavy emphasis
on fuel (and light emphasis on time) have a different and far
more complex structure. The steady-state operating points lie
within the flight envelope, and the corresponding steady-state
cruise-dash arc is a singular arc flown with a partial-throttle
setting. Studies of the transient trajectories leading to some of
these cruise-dash points reveal that they approach the steady-
state asymptotically in a damped oscillatory fashion, unlike the
full-throttle trajectories studied earlier. These transient trajec-
tories in the neighborhood of the equilibrium points are singu-
lar trajectories, and are run with partial-throttle settings. A
singular control law has been derived for the throttle settings.

Transient singular trajectories in the neighborhood of the
equilibrium point lie on a two-dimensional singular surface in
the three-dimensional (A,V,y) state-space. On this surface, tran-
sient singular trajectories fair into the equilibrium (cruise-dash)
point along asymptotic spirals. The singular surface appears to
be bounded as a result of saturation of the throttle control at
its upper limit. If the initial states lie outside the singular sur-
face, a full-throttle or zero-throttle trajectory must be flown to
the singular surface, after which a singular trajectory takes the
system to the steady state.

It has been determined that, for the example aircraft, steady-
state operation at a cruise-dash point does satisfy the Jacobi-
type condition for certain values of p and, therefore,
steady-state cruise-dash can be optimal. However, steady-state
cruise-dash arcs fail a Jacobi-type test for large values of u, and
in particular the cruise arc fails the Jacobi-type test. The
Jacobi-type test has a strong connection with the eigenstructure
of the linearized system at the equilibrium point. Specifically, if
the eigenvalues have no purely imaginary values, the Jacobi-
type condition is satisfied. Absence of this feature (presence of
purely imaginary eigenvalues) results in failure of the Jacobi-
type condition.
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